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Abstract

In this paper, we obtain the total chromatic number of middle graph of Extended duplicate graph of
path graphM(EDGI[P,]), Total graph of Extended duplicate graph of path graph T(EDG[P,]), Middle
graph of Extended duplicate graph of starM(EDG[KLn]) and Total graph of extended duplicate graph
of a star T(EDG[Ky,]).
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1. Introduction

Throughout this paper, we have considered the finite, simple and undirected graph.
Let G = (V(G),E(G)) be a graph with the vertex set V(G) and the edge set E(G),
respeitively.

A total coloring of G, is a function f: S —» C, where S=V(G) UE(G) and C is a set of
colors to satisfies the given conditions:

0] no two adjacent vertices receive the same colors,
(i) no two adjacent edges receive the same colors and
(i)  no edge and its end vertices receive the same colors.

The total chromatic number ;. of a graph G is the minimum cardinality k such
that G may have a total coloring by k colors. The concept of total coloring was
introduced by Behzad [1], in 1965.

2. PRELIMINARIES
2.1 Path

A Path in a graph Gis a sequence of vertices such that from each of its vertices there
is an edge to the next vertex in the sequence.
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2.2 Star
The star graph is a complete bipartite graph is denoted byKj ;,.
2.3 Duplicate graph

ADuplicate graph of G ,DG = (V;, E;), where the vertex set V; = VUV and V. n V' =¢
and f: V - V' is bijective(for v € V, we write f (v) = v for convenience ) and the edge
set E; of DG is the edgev,v,is in E if and only if both v;v,” and v';v, are edges in
E,.

2.4 Extended duplicate graph

The extended duplicate graph of DG denoted by EDG, is defined as, add an edge
between any two vertex from V to any other vertex in V', except the terminal vertices
of V and V'. For convenience, we take v,’ € V and v, € V'and thus the edge v,v,’ is
joining.

2.5 Middle graph

The middle graph of a graph G denoted by M(G) is define as follows the vertex set of
M(G) is V(G) U E(G). Two vertices x, y in M(G) are adjacent if one of the following
condition holds:

0] X, y are in E(G), x and y are adjacent in G.
(i) xisin V(G), yisin E(G), x and y are incident in G.
2.6 Total graph

The total graph of a graph G, denoted by T(G). The vertex set of T(G) is V(G) U
E(G). Two vertices X, y in the vertex set of T(G) are adjacent in T(G) if one of the
following condition holds:

0] X, y are in V(G) and x is adjacentto y in G.
(i) X, y are in E(G) and x, y are adjacent in G.
(i)  xisinV(G), yisin E(G) and x, y are incident in G.

The extended duplicate graph of path denoted by EDG[P,] is obtained from the
duplicate graph of path by joining v, and v;.

The extended duplicate graph of star denoted by EDG(K, ,) is obtained from the
duplicate graph of star by joining v; and vj.

The number of vertices and edges of EDGJP,]is 2n and 2n — 1 respectively.

The number of vertices and edges of EDG[K ,] is 2n + 2 and 2n + 1 respectively.
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3. Total Chromatic Number of M(EDGIP,])
Theorem: 3.1

The total chromatic number of middle graph of extended duplicate graph of
path graph isx..(M(EDG[P,]))= 8for n>4
Proof
The number of vertices and edges of M(EDG[P,]) is 4n — 1 and 6n — 2 respectively.
The vertex set and the edge set M(EDG[P,]) is given as follows

Case(i): when n is odd

V(M(EDGIP,D) = v, vi: 1 < i< n}ufxyxpbupuf 1<i < [} u w)

E(M(EDGIP,])) ={vai_1Xi, XiV5;, Vaili, UiVair1, Vai_1Xi, X{Vai, ViU, UiVhi, s, XiUj, X{uj:
1<i< [HT_l]} U {uixiﬂ,u{xi'ﬂ: 1<i< [nTﬂ]} U {x;w} U {viw}u
{uiw} U {xjw} U {u;w} U {v,w}

Case(ii): when nis even
V(M(EDG[P,])) = {v;,vj: 1 <i<n}U {xi,xi’: 1<i< 2} U {ui,u;: 1<i<Z-1}u{w)

— ’ ’ 1o . . n / oo
E(M(EDG[P,])) = {V21—1X1,X1Vzi»V21—1X1»X1V21- 1<i< ;} U {V3iUi, UiVaiyt1, Vailli, UiVaitq,

n-—2
2

XiUj, UiXiyq, XU, UjXj 121 <0 < [ ]} U {x;w} U {viw} U {ujw}u
{xiw} U {u;w} U {v,w}
Now we define total coloring f such that f: S - C.
S = V(M(EDG[P,])) VE(M(EDG[P,])) and C ={1,2,3,4,5,6,7, 8}

First assign the total coloring for the vertices as follows:
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Xec(M(EDG[P,])) = 8 for n >4

f(w) =8
1 if i=1(mod3)
f(v;) =f(v{) ={2 if i=2(mod3) 1<i<n
3 if i=0(mod3)
3 if i=1(mod3) 1<i< g when n is even
f(x;) =f(x{) =¢2 if 1= 2(mod3) _
1 if i=0(mod3) 1<i< [nTl] when n is odd
1 if i=1(mod3) 1 << 2 — 1 when n is even
f(u;) = f(u)) =<3 if i=2(mod3) _
2 if i=0(mod3) 1<i< [nTl] when n is odd

Assign the total coloring for the edges as follows

6
f(vaiciX) = f (vaimq%i) =47
8
6
f(Uivaie1) = F(Ufvy) =47
8

if
if
if
if
if
if

i=1(mod3) 1<ic< %when n is even
i = 2(mod3) _
i=0(mod3) 1=i= [nTl] when n is odd

i=1(mod3) 1 <j< [n—_z] when n is even
i = 2(mod3) 2

i = 0(mod3) 1<i< [HT_l] when n is odd
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f (XiVéi) =f (Xi,VZi) =

f (Véiui) =f (VZiu{) =

f (xju;) =f (x{u

)=

f (uixis1) = f (Uixip) =45

N O @ (o) el N|

1
1

IA
IA

IA
IA

i=1(mod3) 1<i< gwhen nis even

i = 2(mod3)
i=0(mod3) 1=i=

1= 1(m0d3) 1<i<
i = 2(mod3)
1—0(mod3)1<1<[

1<i< [HT_I] when n is odd

. n-—2 .
1<i< [T] when n is even

i

[HT_31 when n is odd

n-2 .
[T] when n is even

=

n—1]

when n is odd

when n is even

when nis odd

f (xyw) =1, f(xyw) =2, f (uyw) =3, f (uyw) =7, f (v,w) =5, f (vaw) = 4.

It is clear from the above rule of coloring, the graph M(EDG[P,]) is properly

total colored with 8 colors.

Hence the total chromatic number of the middle graph of Extended duplicate

graph of a path graph (M(EDGIP,

D) is 8. Therefore x..(M(EDGIP,

4. Total chromatic number of T(EDG[P,])

Theorem: 4.1

D) =8

The total chromatic number of Extended duplicate graph of path graph

is given byx..(T(EDG[P,])) = 8

Proof

forn = 4.

The number of vertices and edges of T(EDGJ[P,]) is 4n—1 and 8n—3 respectively.

The vertex set and the edge set of T(EDG[P,]) as follows.

Case(i): If nis odd

V(T(EDG[Pn])) ={v,vi:1<i<n}u {xi,xi', y,u: 1 <i< [an]} U {w}

— 1A 1A 1A ! ! 1A r__1 r._1
E(T(EDG[P,])) = {V2i—1Xi, XiVhi, ViU, UjVaip1, Vai_1X{, X{ Vai, V2iUf, UiV 1, XU, X{ U,

! ! ! !
V2i-1 V2i, V2iV2i+1, V2i—1V2i, V2iV2it1

1<i<|[=}u
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n—3
(WX Ul 1 <1 < [TB U {v,v4} U {x,w} U {xiw} U {vhw}
U {vow} U {u;w} U {ujw}

Case(ii): If n is even
V(T(EDG[P,])) = {v;,v/: 1 < i < n} U {Xi,xi’: 1<i< g} U {ui,u{: 1<i<i- 1} U {w}

—_ ! ! ! ! I 14 . . n
E(T(EDG[P,])) = {Vzi—1xi»XinpV21—1V21»V21—1V21’V21—1X1'X1V2i- I=sis 5} U

!

! ! r1__1 r_.1 ! !
{V2iU,uiVip1, Vaillf, UiVoi 1, XiUi, UiXig 1, X{Uj, UiX{ 4 q, VoiVaise,

n—2
Vvl <is [T]} U {xw} U {vhw} U {uiw} U {xiw} U fugw}
u {vaw} U {vav3}
Now we define total coloring f such that f: S - C.

where S = V(T(EDG[P,])) VE(T(EDG[P,])) and C ={1,2,3,4,5,6,7, 8}

Xtc(T(EDG[P])) = 8 for n >4
First assign the total coloring for the vertices as follows:
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1 if
f(vy) =<2 if
3 if

f(vi) =1,1(v3)
3 if
fv)=<1 if
2 if
3 if
fx)=f(x{))=42 if
1 if
1 if
f(u)=f(u)=<3 Iif
2 if

i = 1(mod3)

i = 2(mod3) 1<i<n

i = 0(mod3)

=6, f(w) =8

i = 0(mod3)

i = 1(mod3) 3<i<n

i = 2(mod3)

i=1(mod3) 1< [n—_l] when n is odd

i = 2(mod3) -2

i = 0(mod3) 1<i< Ewhen nis even

i = 1(mod3) 1<i< [n—_l] when n is odd
i = 2(mod3) o2

i = 0(mod3) 1<i< > 1 when n is even

Now assign the total coloring for the edges as follows:

6 if i=1(mod3) 1<i< g when n is even
f (Vai—1X;) = F (vpi_1x{) =17 if i=2(mod3) _
A A 8 if i=0(mod3) 1<ic< [nTl] when n is odd
6 ?f 1 = 1(mod3) 1<i< [HT_Z] when n is even
f(ujvyiyq) =1 (u{Véiﬂ) =47 if i=2(mod3) ) n-1 .
8 if i=0(mod3) 1<i< [T] when n is odd
7 if i=1(mod3) 1<i< gwhen n is even
f (xjvy) = (X{vy) =48 if i=2(mod3) _
v i 6 if i= 0(m0d3) 1<i< [Tl when n is odd
8 if i=1(mod3) 1<ij< [n—_l] when n is odd
f (vyu;) = f (vou)) =<6 if 1= 2(mod3) nfz
7 if i=0(mod3) 1=<i< [T] when n is even
1<i<|®==|whennisodd
f(xjuy) = (xjuj) =44 e .
1 <i<|—|whenniseven
. 1Sis_n7_3]whennisodd
f (uixi+1) = f (Uixj41) =45 . n-2 .
1<i< T] when n is even
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w

if i=1(mod3) 1<j< [HT_l] when n is odd
f(Vai_1Vy) = (vgi_qVe) =42 if 1= 2(mod3) . o _
1 if i=0(mod3) 1<i< [T] when n is even

1 if i=1(mod3) 1 <j< [nT_l] when n is odd
f(Whivairs) = (Vaivhiey) =13 if i=2(mod3) L2 |
2 if i=0(mod3) 1=i=< [T] when n is even

f (x,w) =1, f(x;w) = 2, f (v,w) =5, f (vaw) =4, f (uyw) =7, f (uyw) =3, f (vpv5) = 1.

It is clear from the above rule of coloring, the graph T(EDG[P,]) is properly
total colored with 8 colors.

Hence the total chromatic number of the total graph of Extended duplicate graph of
path graph (T(EDG[P,])) is 8.

Therefore x..(M(EDG[P,])) = 8.
5. Total Chromatic Number of M(EDG|[Kj ,]).
Theorem 5.1

The total chromatic number of middle graph of extended duplicate graph of star
graph is given by

Xtc (M(EDG[Kln])) = n+4 for n>3

Proof:

The number of vertices and edges of middle graph of extended duplicate graph of
star graph M(EDG|[K, ,]) 4n+3 and n? + 3n + 4 respectively.

V(M(EDG[KLH])) ={V,x, X} . X5} U V', Xq, Xg oo Xg} ULV, V5 oV} U {4, Vs, oV} U (W)

E(M(EDG[KLH])) = {Vx,V'x;:1 <i<n}U{xvy,xvl: 1 < i< n} U{v,wiufv,wiu
{xiWhu{xWiu{x;x; : 1 <i<j<n}

In M(EDG[K, ,]) the vertices {V,x},x} ... x,} and {V’, x4, X, ... X} induce a clique
of order n+1.

Now we define the total coloring f such that f: S — C as follows.
S = V(M(EDG[K, ]) ) UE(M(EDG[K, ]) ) and C ={1,2, 3 ... n+4}

First assign the total coloring for the vertices as follows:
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fV)=f(V)=fw=n+4

f(vi) =n+l 1<i<n
f(vi)=n+2 1<i<n
f(x)="F(x)=1i forl<i<n

Now assign the total coloring for the edges as follows:
f(xijvi) =f (x{v{) = i-1 2<i<n

2i (mod(n + 2)) if 2i # 0 mod(n + 2)

F ) = (V'x) :{ when n is odd

n+2 otherwise
f (VXII) — f (VIXi) — {21 (mOd(n + 3)) if 2i * 0 mOd(n + 3) When n |S even
n+3 otherwise

(%) = f (x}x]) = {i +j (mod(n +2)) if(i+j) % 0mod(n+ Z)When n'is odd

n+2 otherwise
f(ax) = f (x]) = {i + jmod(n + 3) ifi+j) £ Omod(n+ B)When n is
J n+3 otherwise
even
f (x1vy) = n+3, f (viw) = n+1, f (x;w) = n+2, f (wvy) = n -1, f (wx;) = n+3, f
(x1v1) = N+2.

Xee (M(EDG[K, 5])) = 9 for n=3

It is clear from the above rule of coloring the graph M(EDG[K,]) is properly total
colored with n+4 colors.
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Hence the total chromatic number of middle graph of extended duplicate graph of a
star graph(M(EDG[K, »])) is n + 4.

Therefore X, (M(EDG[KLH])) = n+4 for n>3.

6. Total Chromatic number of T(EDG[K4,])
Theorem 6.1

The total chromatic number of total graph of extended duplicate graph of star graph
is given by
Xie (T(EDG[Ky4])) = 2n+1 for n=3.

Proof

The number of vertices and edges of total graph of extended duplicate graph of K,
is4n + 3 andn? + 5n + 5 respectively.

V(T(EDG[KLH])) = {V, %}, %} . Xb} ULV, X1, Xy oo Xy} U VL, V) VI3 U 04, V) oo v} U W)
E(T(EDG[Kya])) = (Vi) V'xi: 1 < i < n} U{viwUfv, whu{v; vi Jufxiwhufxawhu
{Xin . 1S | <J S n}

In T(EDG[K, ,]) the vertices {V,x}, x5 ...xp} and {V’, x4, %, ...x,} induce a clique
of order n+1.

Now we define the total coloring f such that f: S —» C as follows.
S = V(T(EDG[K, ]) ) UE(T(EDG[K, 4])) and C = {1, 2, 3 ... 2n+1}

First assign the total coloring for the vertices as follows:
f(V)=f(V')=f(w)=2n+1

f(x;)=f(x;)=i forl<i<n
f(v;) =2n, f(v]) =2n-1
fvi)=2n 2<i<n

Now assign the total coloring for the edges as follows:

f(xvi) = (xjv{) =i—1 2<i<n
f(Vx!) = f (V'x;) = {Zi (mod(2n)) if 21 # 0 mod(2n)
2n otherwise
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F VWD) = (V'vy) = {21 — 1 (mod(2n — 1)) if 21 — 1 # 0 mod(2n — 1)

2n—1 otherwise
f(xx;) = {(i +j) (mod(2n + 1)) ifi+j = 0mod(2n + 1)
) 2n+1 otherwise

f (x1vy) = 2n-2, f (xjw) = 2n -1, f(vyw) = n, f (wv;) =n + 1, f (wx;) =2n-2, f
(x1vq) =2n-1, f (vyvy) = 1.

Xt (T(EDG[KLH])) = 2n+1 for n>3.

It is clear from the above rule of coloring the graph T(EDG[K,,]) is properly total
colored with 2n + 1colors.

Hence the total chromatic number of total graph of Extended duplicate graph of a
star graph T(EDG[K, ,]) is 2n+1. Therefore x;. (T(EDG[KI_H])) = 2n+ 1 for n>4.

7. CONCLUSION

We have obtained determined the total chromatic number for the following graphs.

() xe(M(EDG[P,])) =8 n>4
(i)  Xe(T(EDG[P,])) =8 n>4
(i) Xec (M(EDG[Kyq])) =n+4 for n> 3
(V) X (T(EDG[K;n])) =2n+1 for n> 3
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